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Stability Analysis of a Delaminated Beam
Subjected to Follower Compression

Q. Wang,∗ F. Moslehy,† and D. W. Nicholson†
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A stability analysis of a delaminated beam subjected to a follower compressive load is presented. The beam is
fixed at its left end and restrained by a translational spring at its right end as this specific configuration of beam
subjected to follower force has garnered great interest among the structural community. The vibration analysis
on this delaminated beam is conducted to identify the critical compression load for flutter or buckling instability
for the beam. In addition, the critical spring stiffness is derived to determine the distinct type of instability of
the beam under the follower compression. Furthermore, the effect of the location of the delamination both in
the thickness and the longitudinal direction and the length of the delamination on the critical compressive load
for buckling or flutter instability of the beam is completely studied through a mechanics analysis. It is hoped
that this research would provide a benchmark on the stability analysis of delaminated structures in engineering
applications, especially for structures subjected to follower compressive load.

Introduction

A NALYSIS of flutter and buckling of beams has been an in-
teresting subject in the applied mechanics community. The

mathematical solutions for the buckling load of beams subjected to
nonfollower compression with different boundary conditions were
given in the monograph of Timoshenko and Gere.1 Flutter analysis
of a cantilever beam subjected to follower compression was also
briefly introduced in the monograph. Beam buckling is an instabil-
ity phenomenon where the change of equilibrium state from one
configuration to another occurs at a critical compression value. On
the other hand, flutter is an instability phenomenon in which the vi-
bration amplitude caused by initial disturbance grows without limit
when the follower compression exceeds a critical value.

Buckling is usually caused by both nonfollower compression and
follower compression subjected to the beams. However, flutter can
only occur in beams subjected to follower compression. A nonfol-
lower force is usually referred as an axial force with its direction
remaining constant during the deformation of the structure. A fol-
lower force, on the other hand, is different from the nonfollower
force just mentioned in the sense that the direction of this type
of force remains tangent to the deflection curve at the top of the
column.1

Buckling and flutter analysis of healthy or undamaged beam struc-
tures under follower force has been addressed by many research
efforts. Bolotin2 studied a classical problem about the stability of a
beam fully fixed at one end and subjected at the other end to a tan-
gential compressive follower force. Feodosév3 and Pfluger4 showed
that there are no buckling solutions for this problem and concluded
that the beam with follower force is stable all of the time. This erro-
neous conclusion was debated by Beck,5 who first solved this flutter
instability problem through dynamic analysis. Since then, the study
of flutter instability has attracted substantial research interest. Carr
and Malhardeen6 and Leipholz7 proved that Beck’s column is stable
when the follower force is less than the critical value obtained by
Beck. Deineko and Leonov8 studied the combined effect of non-
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follower and follower compressions applied to a cantilever beam.
The influence of an elastic support on the vibration and stability
of a nonconservative load was studied by Sundararajan.9 In his pa-
per, the transition value of the translational spring at the free end
of a cantilever beam was derived, and the coexistence of flutter and
buckling in a system was first observed. Kounadis10 presented an
analysis of the existence of divergence instability regions for a gen-
eral beam structure. Actually, buckling and flutter analysis can be
categorized as a linearized approach in dealing with instability anal-
ysis of undamped structures. More complex instability studies on
either undamped or damped structures under dynamic loading have
been conducted as well. Some fruitful results have been obtained so
far by Kounadis,11,12 Bolotin et al.,13 Ryu and Sugiyama,14 Langth-
jem and Sugiyama,15 and Andersen and Thompsen.16 Wang17 con-
ducted a complex flutter and buckling analysis of a beam structure
subjected to static follower force. The flutter and buckling analysis
of a beam subjected to a follower force and constrained by a pair of
transverse and rotational springs at one end and fixed at the other end
was studied theoretically.18 The effects of the transverse and rota-
tional spring stiffness were studied to obtain the transition condition
differentiating two distinct types of instability that coexisted in the
beam. In the theoretical models of all of the preceding works, the
left boundary of the beam subjected to follower force was all mod-
eled with either fixed end or end with restriction of displacement in
the flexural direction to maintain the equilibrium state of the beam.
Such a standard configuration has provided a great and powerful
model in studying most of flutter-related stability problems in beam
structures. Flutter instability of beams with other boundary condi-
tions, such as free-free edges, was investigated via finite element
analysis.19

More research on the buckling and/or flutter load of damaged
beams subjected to follower compression is critical for a better de-
sign and health monitoring of such beams. The stability of a cracked
column was studied experimentally and analytically20−22 by consid-
ering the local flexibility at the crack as a spring. However, few re-
ports have been found on the analyses of the buckling and/or flutter
load of cracked beams subjected to follower compression. Wang23

proposed a comprehensive stability analysis of a cracked beam sub-
jected to a follower compression.

Composite materials have received increased attention in recent
years, especially for aeronautical and marine applications. Delam-
ination in composites has been a topic of concern in such appli-
cations. This has been extensively reviewed by Wilkins et al.24

The accompanying problem of buckling of delaminated compos-
ite laminates has been widely studied by many researchers.25−27

Troshin28 addressed primarily the question of delamination buck-
ling in dealing with a pressure-loaded laminar cylindrical shell. Peck
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and Springer29 investigated the behavior of elliptical sublaminates
initiated by delamination in composite plates that are subjected to
in-plane compression, shear, and thermal loads. Lee et al.30 con-
sidered both vibration and buckling of delaminated structures. The
effect of the delamination opening was taken into account by using
the relative position between the sublaminates as proposed by Luo
and Hanagud31 and Lestari and Hanagud.32 However, it is noted that
few studies on the stability analysis of the delaminated beams are
focused on the stability analysis of structures subjected to follower
compression.

The research in this paper will provide a stability analysis of a de-
laminated beam subjected to a follower compressive load. Because,
as just indicated, the beam with one end fixed is a standard config-
uration for the analysis of most of flutter related analysis of beams
via theoretical models, the beam under investigation in the current
research is fixed at the left end and restrained by a translational
spring at its right end. The flutter or buckling load of the delami-
nated beam will be obtained through dynamic analysis of the beam.
The transition spring stiffness differentiating flutter and buckling of
the delaminated beam is first derived similar to the work for cracked
beam.33 The effect of the size of the delamination and the location
of the delamination both in longitudinal and thickness direction of
the beam will be provided via a detailed mechanics analysis. The
research method is strictly based on an undamped linearized ap-
proach. The coexisting instability phenomena of the delaminated
beam structure are important in the field of structural stability and
dynamics, as the understanding of the instability nature of a delam-
inated structure will be helpful for its stability design.

Mechanics Model for the Stability Analysis
of the Delaminated Beam

The stability analysis of a beam with a horizontally aligned de-
lamination shown in Fig. 1 subjected to a follower axial force P is
to be studied here. The material and geometric parameters of the
delaminated beam are denoted as E for the Young’s modulus of
the host beam, H for the thickness of the beam, h for the distance
of the delamination from the top of the host beam, a for the length of
the delamination, L1 and L2 for the respective distances of the left
tip of the delamination to the left end of the beam and the right tip of
the delamination to the right end of the beam, and k for the stiffness
of the spring attached at the right end of the beam. A comprehensive
mechanics analysis will be conducted here to investigate the effect
of the delamination on the beam structure. The delamination part
will be studied via Euler–Bernoulli beam theory by considering two
layers of beam elements connected at the two ends. The interface
of the two layers is considered as connection of two free surfaces.
Because the midplanes of the two layers are off the midplane of
the delaminated beam, axial elongation and compression on the two
layers will thus be induced as a result of the bending of the beam.
It is assumed the incremental tensile force �p1 and compressive
force �p2 are induced on the top and bottom layers of the delam-
ination. The bending motion is only considered here to derive the
induced �p1 and �p2 for stability analysis because the lateral and
axial motions in a beam structure are decoupled. Thus, it can be
understood that the following bending analysis of the delaminated
beam is conducted with respect to the deformed beam in its longitu-
dinal direction caused by the compressive loading. Because of the

Fig. 1 Layout of delaminated beam subjected to follower force.

continuity of the deflection at the left tip of the delamination based
on beam theory, we have

u1L − 1
2 w′

L |x = xl (H − t) = u0L (1a)

u2L − [−(t/2)w′
L |x = xl

] = u0L (1b)

where wL is the flexural deflection of the beam element at the left
side of the delamination, xl is the coordinate of the left tip of the
delamination, prime indicates the derivative with respect of x , u1L

and u2L indicate the horizontal displacement of the midplane of the
upper and lower layers of the delamination at the left tip, and u0L

is the horizontal displacement of the midplane of the delaminated
beam at the left tip of the beam. Similarly, at the right tip of the
delamination we have

u1R − 1
2 w′

R |x = xr (H − t) = u0R (2a)

u2R − [−(t/2)w′
R |x = xr

] = u0R (2b)

where wR is the deflection of the beam section on the right side of the
delamination, xr is the coordinate of the right tip of the delamination,
u1R and u2R indicate the midplane horizontal displacements of the
upper and lower layers of the delamination at the right tip, and u0R

is the horizontal displacement of the midplane of the delaminated
beam at the right tip of the beam.

The elongation and the compression of the midplane of the two
layers can be expressed, respectively, as

u1R − u1L = �p1a/EtT (3a)

u2R − u2L = −�p2a/E(H − t)T (3b)

where T is the width of the beam.
The characteristic of the nondeformable midplane of the delam-

inated beam implies u0R − u0L = 0. Comparison of Eqs. (3a) and
(3b) and Eqs. (1a) and (1b) and (2a) and (2b) leads to

�p1a/EtT + �p2a/ET (H − t) = −(H/2)
(
w′

L |x = xl − w′
R |x = xr

)

(4a)

�p1 = �p2 (4b)

and finally we have

�p1 = �p2 = −(ET Hβ/2a)
(
w′

L |x = xl − w′
R |x = xr

)
(5)

where

β = [1/t + 1/(H − t)]−1

The preceding mechanics analysis shows that at the tip of the de-
lamination tensile and compressive forces are induced at the upper
and lower part of the tip as a result of the bending of the beam as
shown in Fig. 2a. The induced tensile and compressive forces will
lead to the discontinuity of the shear force at the tip of the delam-
ination, which will definitely result in the shear-force singularity.
Therefore, the effect of the delamination on the stability analysis of
the delaminated beam has to be examined because of the existence
of the shear-force singularity by the delamination so that an appro-
priate stability design of the delaminated beam becomes possible.

The stability analysis of the beam structure will be obtained from
a free-vibration analysis conducted hereinafter. The beam is parti-
tioned into four sections shown in Fig. 1. The governing equation
of the delaminated beam for section 1 is

E I
∂4w1(x1, t)

∂x4
1

+ P
∂2w1(x1, t)

∂x2
1

+ ρ A
∂2w1(x1, t)

∂t2
= 0

0 ≤ x1 ≤ L1 (6)
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Fig. 2a Fracture mechanism at the tip of the delamination.

Fig. 2b Critical compressive load vs the nondimensional spring
stiffness.

where the area moment of inertia of the cross section is I =
H 3/12 assuming the width of the delamination of the beam is unit
and A is the area of the cross section.

By using the method of variable separation given by w1(x1, t) =
W1(x1)eiωt , we can find the analytical solution for the mode shape
function W1(x1) directly:

W1(x1) = A1 cos k1x1 + A2 sin k1x1

+ A3 cosh k2x1 + A4 sinh k2x1 (7)

where

k1 = (
λ/2 +

√
λ2/4 + µ2

) 1
2 , k2 = (−λ/2 +

√
λ2/4 + µ2

) 1
2

and λ = P/E I and µ2 = ρ Aω2/E I ; Ai (i = 1, . . . , 4) are four
constants.

Applying the left-end fixed boundary conditions, W1(0) = 0,
dW1(x1)/dx1|x1 = 0 = 0, to the general solution, Eq. (7), yields

W1(x1) = A3(cosh k2x1 − cos k1x1)

+ A4[sinh k2x1 − (k2/k1) sin k1x1] (8)

Similarly the expression for the mode shape function W4(x4) on
section 4 can be written as follows, by considering the boundary
conditions of the beam on its right end:

d2W4(x4)

dx2
4

∣
∣∣∣

x4 = L

= 0,
d3W4(x4)

dx3
4

∣
∣∣∣

x4 = L

− k̄

L3
W4(L) = 0 (9a)

W4(x4) = B3(cosh k2x4 + N1 cos k1x4 + N3 sin k1x4)

+ B4(sinh k2x4 + N4 sin k1x4 + N2 cos k1x4) 0 ≤ x4 ≤ L2

(9b)

where the nondimensional spring stiffness is given by k̄ = kL3/E I
and Ni (i = 1, 2, 3, 4) are given in the Appendix.

A general model for the effect of delamination is provided in
Refs. 31 and 32. The behavior of the effects between the delaminated
sublaminates was described by a nonlinear spring model simplified
into a piecewise linear model. The linear model for the delamination
part based on their work is expressed as follows for the upper and
lower layers:

E I1
∂4w2(x2, t)

∂x4
2

+ P1
∂2w2(x2, t)

∂x2
2

+ ρ A1
∂2w2(x2, t)

∂t2

= k1[w3(x2, t) − w2(x2, t)] 0 ≤ x2 ≤ a (10)

E I2
∂4w3(x2, t)

∂x4
2

+ P2
∂2w3(x2, t)

∂x2
2

+ ρ A2
∂2w3(x2, t)

∂t2

= −k1[w3(x2, t) − w2(x2, t)] 0 ≤ x2 ≤ a (11)

where I1 = I t̄3, I2 = I (1 − t̄)3, P1 = Pt̄ , P2 = P(1 − t̄), A1 = At̄ ,
A2 = A(1 − t̄), t̄ = h/H , and k1 is the parameter characterizing the
nature of closing and opening of the delamination. The case k1 = 0
stands for the model of an unconstrained delaminated beam. Such a
simple model has widely been adopted in studying stability analy-
sis of delaminated beam.25,26 Therefore, this unstrained delaminated
beam model is employed to study the flutter analysis of the delam-
inated. More complicated delamination conditions are beyond the
scope of the manuscript and will be investigated in future work.

The general solutions for the mode shapes W2(x2) and W3(x2) in
Eqs. (10) and (11) at k1 = 0 are directly shown separately:

W2(x2) = C1 cos k11x2 + C2 sin k11x2

+ C3 cosh k21x2 + C4 sinh k21x2 (12)

W3(x2) = D1 cos k12x2 + D2 sin k12x2

+ D3 cosh k22x2 + D4 sinh k22x2 (13)

where

k11 = (
λ1/2 +

√
λ2

1

/
4 + µ2

1

) 1
2

k21 = (−λ1/2 +
√

λ2
1

/
4 + µ2

1

) 1
2

k12 = (
λ2/2 +

√
λ2

2

/
4 + µ2

2

) 1
2

k22 = (−λ2/2 +
√

λ2
2

/
4 + µ2

2

) 1
2

λ1 = P1/E I1 = λ/t̄2, λ2 = P2/E I2 = λ/(1 − t̄)2

µ2
1 = ρ A1ω

2
/

E I1 = µ2/t̄2, µ2
2 = ρ A2ω

2
/

E I2 = µ2/(1 − t̄)2

To derive the resonant frequencies of the delaminated beam, the
continuity conditions for the deflection and rotation at both the in-
terface of sections 1 and 2 and the interface of sections 1 and 3 are
provided hereinafter:

W1(L1) = W2(0) (14a)

W1(L1) = W3(0) (14b)

dW1(x1)

dx1

∣∣∣
∣

x1 = L1

= dW2(x2)

dx2

∣∣∣
∣

x2 = 0

(14c)

dW1(x1)

dx1

∣∣
∣∣

x1 = L1

= dW3(x2)

dx2

∣∣
∣∣

x2 = 0

(14d)

Because incremental tensile and compressive forces are induced
at the upper and lower layers of the delamination, additional moment
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caused by the induced tensile and compressive forces can thus be
expressed as

�M = �p1[(H − h)/2] + �p2(h/2) = �p1 H/2 (15)

Therefore, the continuity of the shear force and the discontinuity
of the moment both at the interface of sections 1 and 2 and the
interface of sections 1 and 3 are expressed as follows by considering
the expression of �p1 in Eq. (5):

E I
d2W1(x1)

dx2
1

∣∣∣∣
x1 = L1

= E I1
d2W2(x2)

dx2
2

∣∣∣∣
x2 = 0

+ E I2
d2W3(x2)

dx2
2

∣∣∣∣
x2 = 0

+ �p1 H

2

that is,

d2W1(x1)

dx2
1

∣∣∣∣
x1 = L1

= t̄3 d2W2(x2)

dx2
2

∣∣∣∣
x2 = 0

+ (1 − t̄)3 d2W3(x2)

dx2
2

∣∣∣∣
x2 = 0

− β[W2(0) − W2(a)]

3a
(16a)

E I
d3W1(x1)

dx3
1

∣∣∣∣
x1 = L1

= E I1
d3W2(x2)

dx3
2

∣∣∣∣
x2 = 0

+ E I2
d3W3(x2)

dx3
2

∣∣∣∣
x2 = 0

that is,

d3W1(x1)

dx3
1

∣∣∣∣
x1 = L1

= t̄3 d3W2(x2)

dx3
2

∣∣∣∣
x2 = 0

+ (1 − t̄3)
d3W3(x2)

dx3
2

∣∣∣∣
x2 = 0

(16b)

Similarly, the continuity conditions for deflection and rotation at
the interface of sections 2 and 4 and the interface of sections 3 and
4 are shown as

W2(a) = W4(0) (17a)

W3(a) = W4(0) (17b)

dW2(x2)

dx2

∣∣∣∣
x2 = a

= dW4(x4)

dx4

∣∣∣∣
x4 = 0

(17c)

dW3(x2)

dx2

∣∣∣∣
x2 = a

= dW4(x4)

dx4

∣∣∣∣
x4 = 0

(17d)

and shear-force continuity and moment discontinuity at the interface
are therefore expressed as follows:

t̄3 d2W2(x2)

dx2
2

∣∣
∣∣

x2 = a

+ (1 − t̄)3 d2W3(x2)

dx2
2

∣∣
∣∣

x2 = a

− β[W2(0) − W2(a)]

3a
= d2W4(x4)

dx2
4

∣
∣∣∣

x4 = 0

(18a)

t̄3 d3W2(x2)

dx3
2

∣∣∣
∣

x2 = a

+ (1 − t̄)3 d3W3(x2)

dx3
2

∣∣∣
∣

x2 = a

= d3W4(x4)

dx3
4

∣∣∣
∣

x4 = 0

(18b)

Table 1 Comparison of the buckling load of a fixed-fixed delaminated beam with that of
Simitses et al.26 at ā = 0.2

L̄1 = 0.1 L̄1 = 0.2 L̄1 = 0.3 L̄1 = 0.4

t̄ Present Simitses Present Simitses Present Simitses Present Simitses

0.05 0.06249 0.06249 0.06249 0.06249 0.06249 0.06249 0.06249 0.06249
0.1 0.24999 0.24969 0.24999 0.24961 0.24999 0.24956 0.24999 0.24953
0.3 0.91499 0.91421 0.91999 0.91948 0.96249 0.96134 0.99249 0.99239
0.5 0.84124 0.84051 0.85625 0.85547 0.92875 0.92775 0.99624 0.99554

Substitution of the expressions for W1(x1), W2(x2), W3(x2), and
W4(x4) from Eqs. (8), (9b), (12), and (13) into the continuity condi-
tions in Eqs. (14a–14d), (16a–16d), (17a–17d), and (18a) and (18b)
leads to the following homogeneous equation for the coefficients
A3, A4, B3, B4, Ci , and Di (i = 1, 2, 3, 4):

[C]






C1

C2

C3

C4

D1

D2

D3

D4

A3

A4

B3

B4






=






0

0

0

0

0

0

0

0

0

0

0

0






(19)

where [C] is the coefficient matrix whose nonzero elements are
listed in the Appendix.

The instability of the beam, either for buckling or flutter, will be
derived from the condition for the nontrivial solution for A3, A4,
B3, B4, Ci , and Di (i = 1, 2, 3, 4), from Eq. (19), which is

det[C] = 0 (20)

The occurrence of the flutter or buckling load of the delami-
nated beam subjected to the follower force will be determined from
the variation of the first two frequencies of the structure. For a
given follower force P , the first two resonant frequencies ω1 and
ω2 can be obtained from Eq. (20). There is, however, a definite
value of the follower force P at which the values of ω1 and ω2

approach each other.1 We define the definite value of the follower
force as critical load for the flutter of the beam structure. On the
other hand, we define the value of the follower force as the criti-
cal load for the buckling of the structure if the value of ω1 reaches
zero.

Numerical Results and Discussion
Numerical simulations are conducted for a stability analysis of

the delaminated beam structure subjected to follower force in Fig. 1.
The following nondimensional parameters will be employed in the
simulations: follower force P̄ = P/Pcr, where Pcr = π2 E I/L2 is
Euler buckling load; the location of delamination in longitudinal di-
rection L̄1 = L1/L; the location of delamination in flexural direction
t̄ = h/H ; and the length of the beam ā = a/L .

To the knowledge of the authors, no existed research results can be
found for the flutter analysis of delaminated beam. Thus, the valida-
tion of the developed model is only investigated via the comparison
of the buckling load of a clamped delaminated beam provided by
Simitses et al.26 The buckling load of a clamed delaminated beam
from the current research can be derived by changing the first ex-
pression in Eq. (9a) by W ′

4(x4) = 0 and making k̄ in the second ex-
pression of the equation to be a very large value, say, k̄ = 1000. The
comparison is shown in Table 1 from which an excellent agreement
can be observed.
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Table 2 Transition value of the spring stiffness
for buckling and flutter at t̄ = 0.5

L̄1 ā = 0.1 ā = 0.2 ā = 0.3

0 35.1 39.2 23.4
0.1 35 30.9 13.7
0.2 33.9 25.5 11.5
0.4 34 32.2 34.7
0.6 35.4 37 24.4
0.7 34.4 28.2 13.3

Table 3 Transition value of the spring stiffness
for buckling and flutter at t̄ = 0.1

L̄1 ā = 0.1 ā = 0.2 ā = 0.3

0 34.6 35.3 35.7
0.1 34.5 34.4 32.6
0.2 34.5 33.6 31.3
0.4 34.6 34.6 35.8
0.6 34.6 34.8 34.2
0.7 34.6 33.9 33.8

Fig. 3 Critical axial force vs the location of the delamination in the
thickness direction.

The critical load for a healthy beam vs the stiffness of the spring
at the right end of the beam is plotted in Fig. 2b (Ref. 23) from
which an abrupt decrease of the load at k̄ ≈ 34.8 is clearly observed
from the figure. From the variation of the first two frequencies of
the system, it can be concluded that k̄ ≈ 34.8 is the critical stiffness
of the spring, differentiating flutter and buckling instability of the
beam. Only flutter can occur on the beam if the stiffness of the spring
is less than the critical value; otherwise, only buckling instability
will occur on the beam. This conclusion also coincides with the
conclusion by Kounadis.10 Thus, k̄ ≈ 34.8 can be defined as the
transition value of the spring stiffness for the flutter and buckling of
healthy beam. The critical compressive load for flutter of a cantilever
beam and for buckling of a propped cantilever beam can be read
from Fig. 2b as P̄ = 2.04 and 2.05 if k̄ = 0 and ∞ are set, which are
in agreement with those from the monograph of Timoshenko and
Gere.1

The transition values of the spring stiffness for the delaminated
beam vs the location of the delamination in the longitudinal direction
at different lengths of the delamination at t̄ = 0.5 and 0.1 are listed
in Tables 2 and 3, respectively. The first observation from the tables
is that there are fewer differences in the transition values for shorter
delamination for both t̄ = 0.5 and 0.1. The second observation is
that if the delamination is placed near the surface of the beam,
the transition values of the spring stiffness are all near the critical
value for the healthy beam, that is, k̄ ≈ 34.8, especially for shorter
delamination. It can also be found that the variation of the value is
similar for all the cases.

The effect of location of the delamination in its thickness direc-
tion t̄ on the critical axial load P̄ is illustrated in Fig. 3 at k̄ = 10
and 40 when ā = 0.3 and L̄1 = 0.7. The critical loads are P̄ ≈ 2.4

Fig. 4a Critical axial force vs the location of the delamination in the
longitudinal direction: k̄ = 0.

Fig. 4b Critical axial force vs the location of the delamination in the
longitudinal direction: k̄ = 10.

Fig. 4c Critical axial force vs the location of the delamination in the
longitudinal direction: k̄ = 30.

Fig. 4d Critical axial force vs the location of the delamination in the
longitudinal direction: k̄ = 80.
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Table 4 Critical load vs the location of the delamination in the
longitudinal direction

ā = 0.1 ā = 0.2

L̄1 k̄ = 0 k̄ = 30 k̄ = 80 k̄ = 0 k̄ = 30 k̄ = 80

0 2.0216 3.6176 2.3142 2.0349 3.5644 2.3142
0.2 2.0216 3.6176 2.3142 2.0349 3.6176 2.2876
0.4 2.0216 3.6176 2.3142 2.0349 3.6043 2.3009
0.6 2.0216 3.6176 2.3142 2.0349 3.5777 2.3142
0.8 2.0216 3.6176 2.3142 2.0349 3.5245 2.2876

for k̄ = 10 and P̄ ≈ 2.6 for k̄ = 40 at t̄ = 0.1, which are almost the
same as the solutions for the healthy beam. As indicated in Tables 2
and 3, these two values are flutter load and buckling load, respec-
tively. Another observation is that the critical load decreases with
increase in the location of the delamination in the flexural direc-
tion. In addition, the buckling load, that is, for the case at k̄ = 40,
decreases more obviously than the flutter load, that is, for the case
at k̄ = 10.

In all of the following simulations, the delamination is assumed
to be located at t̄ = 0.1 in the thickness direction. First, the variation
of the critical load P̄ vs the location of the delamination in the
longitudinal direction for a cantilever beam, that is, k̄ = 0, at ā = 0.3
is shown in Fig. 4a. It is known that the flutter is the only instability
form of the beam. It is noted from the figure that the delamination has
the least effect on the stability of the beam when the delamination
is around L̄1 = 0.35 because the critical load is around P̄ = 2.04,
which is the flutter load for a healthy beam, at this location. On
the other hand, the delamination leads to a dramatic decrease of the
critical load P̄ when it is located around the left end and L̄1 = 0.55
as shown clearly in the simulation. Similar conclusions can also
be derived from the variation of P̄ in Figs. 4b and 4c at k̄ = 10
and 30, respectively. The locations for the least effect and highest
effect on the critical load move leftward with the increase of the
spring stiffness. The location for the least effect of the delamintaion
are L̄1 ≈ 0.3 and 0.21 in Figs. 4b and 4c. Furthermore, besides the
left end, the locations for the highest effect of the delamination are
L̄1 ≈ 0.6 and 0.5, as shown in Figs. 4b and 4c. It can be seen from
Table 3 that flutter is the only form of instability of the delaminated
beam in all of the preceding cases. A different conclusion is derived
from Fig. 4d in which the variation of the critical load is plotted at
k̄ = 80. The corresponding critical load for the healthy beam in this
case is around P̄ = 2.32. It can be observed from the figure that the
delamination has the least effect when it is placed around L̄1 = 0.45,
whereas it has the highest effect when is located around L̄1 = 0.15.
The shape of the variation of the critical load is completely opposite
to that observed in Figs. 4b and 4c in which flutter is the only
instability form, as buckling is the only type of instability in the
beam seen from Table 3.

The solution for the critical load P̄ vs the location of delamina-
tion in longitudinal direction at ā = 0.1 and 0.2 is listed in Table 4.
It is observed that the critical load is independent of the location
of the delamination for the shorter delamination and with the softer
spring. On the other hand, for longer delamination the variation of
the load vs the location of the delamination is similar to the solution
obtained in Figs. 4a and 4c for flutter and buckling instability just
discussed.

Conclusions
This paper presents a stability analysis of a delaminated beam,

with the left end fixed and the right end restrained by a translational
spring, subjected to a follower compressive force. Numerical simu-
lations are conducted based on the mechanics model provided. The
results show that the transition spring stiffness is almost the same
with that of the healthy beam if shorter delamination is considered
and the delamination is placed near the surface of the beam. Another
observation is that the critical load decreases with increase in the
location of the delamination in flexural direction. In addition, the
buckling load decreases more obviously than the flutter load. The
variation of the critical load vs the location in the longitudinal direc-

tion of the beam is investigated at different stiffnesses of the spring.
The variation is not detectable for beams with shorter delamination.
The results for longer delamination show that the delamination has
the least effect on the stability of the beam at a location around a quar-
ter of the beam from the left end if flutter occurs only on the beam,
that is, the spring at the right end of the beam is with lower stiffness.
This location moves toward the fixed end if the spring stiffness in-
creases. Furthermore, the location of the delamination with the high-
est effect on the stability of the beam is around one-fourth the length
from the right end of the beam. This location moves toward the fixed
end as well if the spring stiffness increases. On the other hand, the
shape of the variation of the buckling load, that is, when the spring
stiffness is higher, is completely opposite to that observed in flutter
analysis.

It is hoped that this research will provide a benchmark for the
stability analysis of composite structures with delamination or other
defects. Future studies will be focused on the stability analysis of
delaminated beams with more general boundary conditions, such
as free-free edges. Further investigation of nonlinear effect of the
delamination on the flutter and/or buckling of delaminated beams
should also be conducted.

Appendix: Nonzero Elements in Matrix [C]
in Eq. (19)

N1 = L2 M3 − L3 M2

L1 M2 − L2 M1
, N2 = L2 M4 − L4 M2

L1 M2 − L2 M1

N3 = L1 M3 − L3 M1

L2 M1 − L1 M2
, N4 = L1 M4 − L4 M1

L2 M1 − L1 M2

L1 = −k2
1 cos k1 L , L2 = −k2

1 sin k1 L

L3 = k2
2 cosh k2 L , L4 = k2

2 sinh k2 L

M1 = k3
1 sin k1 L − k̄

L3
cos k1 L

M2 = −k3
1 cos k1 L − k̄

L3
sin k1 L

M3 = k3
2 sinh k2 L − k̄

L3
cosh k2 L

M4 = k3
2 cosh k2 L − k̄

L3
sinh k2 L

c11 = 1, c13 = 1, c19 = −(cosh k2 L1 − cos k1 L1)

c1,10 = −
(

sinh k2 L1 − k2

k1
sin k1 L1

)

c25 = 1, c27 = 1, c29 = −(cosh k2 L1 − cos k1 L1)

c2,10 = −
(

sinh k2 L1 − k2

k1
sin k1 L1

)

c32 = k11, c34 = k21, c39 = −(k2 sinh k2 L1 + k1 sin k1 L1)

c3,10 = −(k2 cosh k2 L1 − k2 cos k1 L1)

c46 = k12, c48 = k22, c49 = −(k2 sinh k2 L1 + k1 sin k1 L1)

c4,10 = −(k2 cosh k2 L1 − k2 cos k1 L1)

c51 = −t̄3k2
11, c53 = t̄3k2

21, c55 = −(1 − t̄)3k2
12

c57 = (1 − t̄)3k2
22
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c59 = −(
k2

2 cosh k2 L1 + k2
1 cos k1 L1

)

− β

3a
(k2 sinh k2 L1 + k1 sin k1 L1)

c5,10 = −(
k2

2 sinh k2 L1 + k1k2 sin k1 L1

)

− β

3a
(k2 cosh k2 L1 − k2 cos k1 L1)

c5,11 = βk1 N3

3a
, c5,12 = β

3a
(k2 + k1 N4)

c62 = −t̄3k3
11, c64 = t̄3k3

21, c66 = −(1 − t̄)3k3
12

c68 = (1 − t̄)3k3
22, c69 = −(

k3
2 sinh k2 L1 − k3

1 sin k1 L1

)

c6,10 = −(
k3

2s cosh k2 L1 + k2
1k2 cos k1 L1

)

c71 = cos k11a, c72 = sin k11a, c73 = cosh k21a

c74 = sinh k21a, c7,11 = −(N1 + 1), c7,11 = −N2

c85 = cos k12a, c86 = sin k12a, c87 = cosh k22a

c88 = sinh k22a, c8,11 = −(N1 + 1), c8,11 = −N2

c91 = −k11 sin k11a, c92 = k11 cos k11a, c93 = k21 sinh k21a

c94 = k21 cosh k21a, c9,11 = −k1 N3, c9,12 = −(k2 + k1 N4)

c10,5 = −k12 sin k12a, c10,6 = k12 cos k12a

c10,7 = k22 sinh k22a, c10,8 = k22 cosh k22a

c10,11 = −k1 N3, c10,12 = −(k2 + k1 N4)

c11,1 = −t̄3k2
11 cos k11a, c11,2 = −t̄3k2

11 sin k11a

c11,3 = t̄3k2
21 cosh k21a, c11,4 = t̄3k2

21 sinh k21a

c11,5 = −(1 − t̄)3k2
12 cos k12a, c11,6 = −(1 − t̄)3k2

12 sin k12a

c11,7 = (1 − t̄)3k2
22 cosh k22a, c11,8 = (1 − t̄)3k2

22 sinh k22a

c11,9 = − β

3a
(k2 sinh k2 L1 + k1 sin k1 L1)

c11,10 = − β

3a
(k2 cosh k2 L1 − k2 cos k1 L1)

c11,11 = −(
k2

2 − k2
1 N1

) + βk1 N3

3a

c11,12 = k2
1 N2 + β

3a
(k1 + k2 N4)

c12,1 = t̄3k3
11 sin k11a, c12,2 = −t̄3k3

11 cos k11a

c12,3 = t̄3k3
21 sinh k21a, c12,4 = t̄3k3

21 cosh k21a

c12,5 = (1 − t̄)3k3
12 sin k12a, c12,6 = −(1 − t̄)3k3

12 cos k12a

c12,7 = (1 − t̄)3k3
22 sinh k22a, c12,8 = (1 − t̄)3k3

22 cosh k22a

c12,11 = k3
1 N3, c12,12 = −(

k3
2 − k3

1 N4

)
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